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Variation – It 
Exists 

Everywhere!

Fred Koeman
North York

General
Hospital
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Learning Objectives

• Understand the concept and types of variation
• Learn the differences between quantitative and 

qualitative data
• Learn to construct frequency distributions
• Understand the measures of central tendency and 

dispersion
• Learn about the attributes of a normal distributions
• Making predictions with normal distributions
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Important!

Understand 
concepts,

don’t memorize 
formulas
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• The smaller the variation the more consistent and 
predictable your process will be.

• Although variation can never be eliminated it does 
impact quality, costs, and customer satisfaction.  

• No two objects, product or actions are alike, therefore, 
variation exists everywhere!

– Service quality
– Product performance
– Process outputs

Concept of Variation

To control and reduce variation you must first understand, quantify, AND 
interpret variation in a data set.
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Variation - What is it?

Reduced Variation

Neither accurate
or precise 

Accurate but
not precise 

Accurate and
precise 
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Types of Variation

Common-Cause Variation

Is always present in a process. 

A process with only common-
cause variation is:

– controlled and consistent
– stable and predictable 

over time
– capable of performing 

within the acceptable 
range

Process changes are required 
to reduce common-cause
variation.

Special-Cause Variation

Is caused by unusual or 
external events.

A process with special-cause
variation is:

– uncontrolled and 
inconsistent

– unstable and 
unpredictable

– not capable of performing 
to requirements

Special-cause variation 
requires immediate action.
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Populations versus Samples

Population:
• contains every possible 

observation or census
• difficult to capture the entire 

population in data collection

Sample:
• information from samples 

“infer” or approximate 
population characteristics

• samples, or subsets of 
populations are much easier to 
collect

SamplePopulation

µ

X

σ = Population standard deviation

µ = Population mean

s = Sample standard deviation

X = Sample mean

Population Parameters

Sample Statistics

Entire Population

Sample Within
(Subset)
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Discrete Data

• Data that is counted or classified and not measured on a scale

• Only a finite number of values is possible
• Values cannot be subdivided meaningfully
• The counts can be made up of either:

– data either meets or fails to meet some criteria
yes/no
pass/fail
agree/disagree

– the sum of a particular event
number of patient falls
number of C-sections
number of incorrect prescriptions

Also known as qualitative or attribute
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Continuous Data

• Information that can take be measured on a continuous scale

• Can take on almost any numeric value and be broken down into finer 
increments:

– waiting time in minutes
– body weight in kilograms
– length of stay in days
– temperature
– cost

• Meaningful information exists between variables 

Also known as quantitative or variable data
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Data Summary

Continuous data yields the most information

Value Scale

Low High

Data Collected

Discrete
• Minimum of 2 variable values
• Finite number of variable 

values
• No information between 

variable values

Continuous
• Potentially any value
• Values have equal units
• Information exists between 

variables
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Frequency Tables

A frequency table is used to condense and summarize a set of data.  The 
table contains the elements of cell boundaries, cell midpoint, cell 
frequencies, and cell relative frequency.

Cell Boundaries
• should be half-way between 2 possible observations
• should be of equal widths

Rules for Creating Cells
• must be easy for the observer to interpret
• narrow enough to reveal interesting detail
• wide enough to show data “pile up”

Cell Midpoint
• midpoint of the cell minimum and maximum

Cell Frequencies
• the number of observations that fall within each cell boundary

Cell Relative Frequency
• the percentage contribution of each cell where the total of all cells is equal to 1.00 or 100%.

Observations # of Cells
< 50 5 to 7

50 to 100 6 to 10
100 to 250 7 to 12

> 250 10 to 20

Guidelines for # of Cells
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ED Wait Time Data

The length of stay of 100 randomly selected patients who recently had knee 
replacement surgery:

(Length of Stay in Days)

3.7 3.4 2.8 3.9 3.4 3.1 3.3 4.3 3.3 3.1
3.5 3.1 3.2 3.2 3.3 3.6 3.0 3.7 3.1 3.2
4.0 3.6 3.3 3.1 2.9 3.1 3.1 4.2 3.3 3.1
2.7 3.7 4.0 3.4 3.8 3.1 3.6 3.8 3.3 3.5
2.7 4.5 4.1 3.3 3.9 3.1 3.5 1.6 3.6 2.9
3.1 3.4 3.0 3.4 3.7 3.3 3.3 3.4 4.2 3.2
3.2 3.7 3.9 3.6 3.1 4.5 2.8 2.4 3.1 3.3
3.3 3.2 3.4 3.1 3.0 3.5 4.0 2.9 3.5 2.9
3.6 3.9 3.9 2.9 3.3 2.9 3.6 4.1 3.5 3.8
3.3 3.9 3.9 3.0 3.6 3.0 3.0 3.6 3.4 2.6
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Frequency Distribution Table

Approximate Boundary Width = (largest data point - smallest data point) / number of intervals 
= (4.5 – 1.6)/13  = .22 ~ .25

Relative Frequency (Rf) is the Cell Frequency  compared to the total number of data points. 
= Cell Frequency / Total Data Points, (Note: Rf always sums to 1.00)

Cell Cell Boundaries Midvalues
Cell 

Frequencies
Relative 

Frequencies
Cumulative 
Frequencies

Relative 
Cumulative 
Frequencies

1 1.50 - 1.75 1.625 I 1 0.01 1 0.01
2 1.75 - 2.00 1.875 0 0.00 1 0.01
3 2.00 - 2.25 2.125 0 0.00 1 0.01
4 2.25 - 2.50 2.375 I 1 0.01 2 0.02
5 2.50- 2.75 2.625 III 3 0.03 5 0.05
6 2.75 3.00 2.875 IIIII IIIII IIIII III 13 0.13 18 0.18
7 3.00- 3.25 3.125 IIIII IIIII IIIII IIIII IIIII I 21 0.21 39 0.39
8 3.25- 3.50 3.375 IIIII IIIII IIIII IIIII IIIII III 23 0.23 62 0.62
9 3.50 - 3.75 3.625 IIIII IIIII IIIII IIIII III 18 0.18 80 0.80

10 3.75 - 4.00 3.875 IIIII IIIII I 11 0.11 91 0.91
11 4.00 - 4.25 4.125 IIIII I 6 0.06 97 0.97
12 4.25 - 4.50 4.375 II 2 0.02 99 0.99
13 4.50- 4.75 4.625 I 1 0.01 100 1.00

100 1.00
Observations # of Cells

< 50 5 to 7
50 to 100 6 to 10

100 to 250 7 to 12
> 250 10 to 20

Guidelines for # of Cells
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Relative Frequency Histogram
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Cumulative Relative Frequency Histogram
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Distributions

Size SizeSize Size

Parts or activities vary within every process.

Size Size Size

But they form a pattern that, if stable, can be described as a distribution.

Distributions can differ in:

SizeSize Size

Location ShapeSpread
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Common Frequency Distribution Shapes

Symmetric Skewed Left Skewed Right

Uniform Bi-Modal Outlier
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Histograms

Histograms are used to summarize data sets in terms of:
• Shape

– the shape of the histogram can visually show key 
characteristics about the data

• Central tendency
– the 3 measures of central tendency are the mean, median, and 

mode
• Dispersion

– the 3 measures of dispersion are the range,variance, and 
standard deviation

Frequency Distributions are used
to construct Histograms
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Measures of Central Tendency

Measures of Central Tendency defines the location where the data is 
centered. The 3 common measures of central tendency are:

Mode: The data point that occurs with the most frequency

Median: The middle value in an ordered set of data. If the data 
set has an even number of observations, the median is the 
average of the middle two.

Mean: The average of all the data points which is equal to the 
sum of all the data points divided by the number of data points.
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The 3 M’s

Data set: 50, 51, 53, 40, 54, 51, 53, 42, 52, 53

Mode = 53

• Useful for qualitative type data and for identifying clusters; unimodal, 
bimodal, and multimodal. Limited use for any other data analysis.

Median = 51 + 52 / 2 = 51.5

• Good estimator when extreme values are present. 

The ordered data set is: 40, 42, 50, 51, 51, 52, 53, 53, 53, 54

Mean = 40 + 42 + 50 + 51 + 51 + 52 + 53 + 53 + 53 + 54 / 10 = 49.9

• Accounts for all values in a data set and is the basic building block for 
statistical analysis. Susceptible to extreme outliers in data sets.

In Excel use the formulas “MODE( )”, “Median( )”, “AVERAGE( )”
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The Median and Mean

– 50% of the area is to the left and right of the median
– For a symmetric histogram both the mean and the median are 

approximately the same
– The mean is more sensitive to outliers than the median

– Means from different data sets can be combined directly to get the 
overall mean

– All of the data sets are needed to get the median of the combined 
data

50%50%

Median
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Impact of Outliers
4.2, 4.4, 5.1, 5.6, 6.0, 6.4, 6.8, 7.1, 7.4, 7.4, 7.9,
8.2, 8.2, 8.7, 9.1, 9.6, 9.6, 10.0, 10.5, 11.6Data Set

By changing the last 2 values in the data set to 20.5 and 21.6 you get…
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Measures of Dispersion

Dispersion is the degree to which the data tends to spread about
the mean. The 3 most common measures of dispersion are:

Range: The difference between the smallest and largest 
observations in a data set.
Variance: The measure of how spread out a distribution is. It is 
calculated as the average squared deviation of each data point 
from the mean. 
Standard Deviation: Calculated as the square root of the 
variance, it is the most commonly used measurement to 
quantify variation in a distribution. The standard deviation is in 
the same units as the data collected. 
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Small Spread

3 4 5 6 7 8 9
0

2

4

6

8

10

Large Spread

2 3 4 5 6 7 8 9 10
0

2

4

6

8

10

The Spread of a Distribution

Spread

• The “spread” of a distribution is 
the degree to which the data tends 
to differ from each other compared 
to the mean.

• If all the data in a sample were 
about equal, the spread would be 
small. Conversely, data with large 
differences would result in a larger 
spread. 

• The terms variability and 
dispersion are synonyms for 
spread.

• Standard deviation is the most 
common measurement of 
variation.
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Range

Range (R) = Xmax - Xmin

Attributes and Uses:

• Simplest measure of dispersion or variation.
• Does not account for each numerical value. 
• Most affected by extreme scores.
• Affected by sample size, validity strongest for small data sets 

(fewer than ten.)
• Simple to calculate (no need for calculator or Excel.)
• Provides “rough” estimate of variation.

Range is the difference between the largest and smallest values in a 
data set.

In Excel use the formula “MAX( )” – “MIN( )”
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The Standard Deviation

Standard Deviation, known as the standard measure of dispersion, is 
approximately the average distance a data set is from the mean.

Sample Standard Deviation ( )

Where:
n = A subset of the population
xi = ith data value

( )
( )1

1i

2

−

−

=
∑
=

n

i
n

XX

s

In Excel use the formula “STDEV( )”
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n
1 65 2 4
2 57 -6 36
3 69 6 36
4 58 -5 25
5 55 -8 64
6 67 4 16
7 63 0 0
8 58 -5 25
9 68 5 25

10 71 8 64
11 62 -1 1

693 296

63

29.60

5.44

X XX − ( )2XX −

∑
X

2s
s

Range (R) = 16

Calculating Standard Deviation
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Normal Distributions

• 68.26% of the time, a normal 
random variable assumes a value 
within plus or minus 1 standard 
deviation of its mean.

• 95.44% of the time, a normal 
random variable assumes a value 
within plus or minus 2 standard 
deviations of its mean.

• 99.72% of the time, a normal 
random variable assumes a value 
within plus or minus 3 standard 
deviations of the mean.

The normal distribution is a symmetric, continuous 
distribution with the mean at the center.

Attributes of Normal Distribution

• The tails of the distribution 
extend to infinity

• The area under the curve 
represents 100% of the 
observations

• The curve is symmetrical and 
each side of the mean 
represents 50% of the total area

Point of Inflection*

1s

+5s +6s+2s +3s+1s +4s-1s-5s -4s-6s -3s -2s

Total area under the curve =100 %

* Slope change in curve

68.26%

95.44%

99.72%

Mean

The standard normal distribution has a 
mean of 0 and standard deviation of 1
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Applying Normal Distributions

If a data set is normally distributed, then the standard deviation and mean can 
be used to determine the probability of observations occurring within a 
specified range.

1s = 63 + 5.44 = 68.44
X = 63

Z distribution
1σ

µ = 0

Knowing that the area under 
the curve represents 100% of 
the observations, we can 
answer the questions:
1. What percentage of 
observations will occur for any 
value ? 

2. What is the relative location 
of an observed value? 
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From the Z tables (see page 42):

Therefore, we can expect that 13.56% of patients will wait 
longer than 69 minutes.

Conversely the probability that a patient waited 69 minutes or less is:

or 86.43%

From the ED Waiting Time Data calculate the % of patients that waited 
more the 69 minutes where the mean is 63 and the standard deviation
is 5.44.

Predictions Using Z Distributions

s
XXZ −

=The Z Score =
Where:

X = the observed data point
X = sample mean
s = sample standard deviation

Z distribution

s = 5.44

1σ

µ = 0

X = 63

X = 69

Z = 1.102

102.1
44.5

6369
=

−
=

( ) 13566.0102.1 =>ZP

( ) ( ) 86434.013566.1102.11102.1 =−=>−=≤ ZPZP
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From the Z tables:

From the ED Waiting Time Data calculate the % of patients that waited between 
61 & 69 minutes:

X = 63, s = 5.44

Predictions Using Z Distributions

( ) 1357.0102.1 =>ZP U

X = 63

6961

3676.0
44.5

6163
=

−
=

−
= s

XX
Z L 102.1

44.5
6369

=
−

=
−

= s
XX

ZU

( ) 3557.03676.0 =<ZP L

From the Z tables:

( ) %86.505086.01357.03557.01 ==+−

Therefore the % of patients that waited between 61 & 69 minutes is:

13.57%
35.57%
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Z-Score to Six Sigma
A Six Sigma process has six standard deviations between the mean
and the closest specification limit for a short-term capability study. 

X = 63

7060 80 90 1004020 30 50

0 1 2 3 4 5 6 7-7 -6 -5 -4 -3 -2 -1

Z Scale

Minutes

σ ST1

σ ST6
( ) 64.9544.5663 =+( ) 36.3044.5663 =−

ULLL
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The Six Sigma Measurement

By shifting a 3 sigma process 
1.5 σ results in 66,807 defects 
per million opportunities.

0 1 2 3 4 5 6-6 -5 -4 -3 -2 -1

ULLL
Shift the Mean 1.5 σ

Mean = 0
St. Dev. = 2
Target = 12

Three Sigma Process

By shifting a 6 sigma process 
1.5 σ results in 3.4 defects 
per million opportunities.

0 1 2 3 4 5 6-6 -5 -4 -3 -2 -1

ULLL
Shift the Mean 1.5 σ

Mean = 0
St. Dev. = 1
Target = 12

Six Sigma Process
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Parts per Million (PPM)

Z Score / 
Sigma Level

Short Term (Z Score) 
Probability of Defects (PPM)

Long Term (Sigma) Probability 
of Defects (PPM)

1.5 66,800 500,000
2.0 22,800 308,000
2.5 6,210 159,000
3.0 1,350 66,800
3.5 233 22,800
4.0 32 6,210
4.5 3.4 1350
5.0 0.28 233
5.5 0.02 32
6.0 0.001 3.4

Processes measured over time exhibit more variation.
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Summary

• No two objects are alike, therefore variation exists everywhere. To 
control and reduce variation, you must first understand, quantify and 
interpret variation in a data set.

• Data exist in two types: discrete data, also referred to as attribute or 
qualitative; and continuous, also referred to as variable or 
quantitative.

• Linkage of data is the key to success of a project.
• Measures of centrality and dispersion quantify data sets.
• Knowing the average and standard deviation of a normal distribution 

provides insight into the probability of defects by using the Z-score.

• Studies show that over time, variation increases +/- 1.5 due to 
changes in process inputs. The variation increase results in changes 
over time.
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Exercise 1

Cell Cell Boundaries Midvalues Tally
Cell 

Frequencies
Relative 

Frequencies
Cumulative 
Frequencies

Relative 
Cumulative 
Frequencies

1
2
3
4
5
6
7
8
9

10

Using the analysis turn-around-time (in 
minutes) of 35 randomly selected 
Laboratory samples, construct the 
Frequency Distribution Table below. 

64 57 42 57 57 54 64
51 57 43 55 59 52 49
61 49 63 59 56 68 56
53 59 54 52 50 56 57
54 59 55 60 53 54 50
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Frequency Distribution Table Solution

Cell Cell Boundaries Midvalues Tally
Cell 

Frequencies
Relative 

Frequencies
Cumulative 
Frequencies

Relative 
Cumulative 
Frequencies

1 41 - 45 43 II 2 0.06 2 0.06
2 46 - 50 48 IIII 4 0.11 6 0.17
3 51 - 55 53 IIIII IIIII I 11 0.31 17 0.49
4 56 - 60 58 IIIII IIIII II 12 0.34 29 0.83
5 61 - 65 63 IIIII 5 0.14 34 0.97
6 66 - 70 68 I 1 0.03 35 1.00

35 1.00
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Exercise 2

For the following sample data:

17, 14, 11, 15, 18, 19, 15, 13, 9, 13, 10

Calculate the mode, median and mean of the sample. 

Mode: __________________

Median: __________________

Mean: __________________
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Exercise 3

n
1 17
2 14
3 11
4 15
5 18
6 19
7 15
8 13
9 9

10 13
11 10

X XX − ( )2XX −

∑
X

2s
s

( )
( )1

1i

2

2

−

−

=
∑
=

n

i
n

XX

s

Using the form calculate the 
standard deviation for the data 
points “n”.

What is the Range (R)? _____

Variance = 

Standard 
Deviation = 

( )
( )1

1i

2

−

−

=
∑
=

n

i
n

XX

s
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n
1 17 3 9
2 14 0 0
3 11 -3 9
4 15 1 1
5 18 4 16
6 19 5 25
7 15 1 1
8 13 -1 1
9 9 -5 25

10 13 -1 1
11 10 -4 16

154 104

14

10.40

3.22

X XX − ( )2XX −

∑
X

2s
s

Range (R) = 10

Standard Deviation Answer

( )
( )1

1i

2

−

−

=
∑
=

n

i
n

XX

s

( )
( )1

1i

2

2

−

−

=
∑
=

n

i
n

XX

s

Prepared by Fred Koeman, NYGHQHN – Variation, It Exists Everywhere. Page: 41

From the Z tables:

From the ED Waiting Time Data calculate the % of patients that waited between 
60 & 70 minutes:

X = 63, s = 5.44

Exercise 4

X = 63

7060

=
−

= s
XX

Z L =
−

= s
XX

ZU

From the Z tables:

Therefore the % of patients that waited between 60 & 70 minutes is: Answer 61%
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z 0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
0.0 0.5 0.49601 0.49202 0.48803 0.48404 0.48006 0.47607 0.47209 0.46811 0.46414
0.1 0.46017 0.4562 0.45224 0.44828 0.44433 0.44038 0.43644 0.4325 0.42857 0.42465
0.2 0.42074 0.41683 0.41293 0.40904 0.40516 0.40129 0.39743 0.39358 0.38974 0.3859
0.3 0.38209 0.37828 0.37448 0.3707 0.36692 0.36317 0.35942 0.35569 0.35197 0.34826
0.4 0.34457 0.3409 0.33724 0.33359 0.32997 0.32635 0.32276 0.31917 0.31561 0.31206
0.5 0.30853 0.30502 0.30153 0.29805 0.2946 0.29116 0.28774 0.28434 0.28095 0.27759
0.6 0.27425 0.27093 0.26763 0.26434 0.26108 0.25784 0.25462 0.25143 0.24825 0.24509
0.7 0.24196 0.23885 0.23576 0.23269 0.22965 0.22663 0.22363 0.22065 0.21769 0.21476
0.8 0.21185 0.20897 0.20611 0.20327 0.20045 0.19766 0.19489 0.19215 0.18943 0.18673
0.9 0.18406 0.18141 0.17878 0.17618 0.17361 0.17105 0.16853 0.16602 0.16354 0.16109
1.0 0.15865 0.15625 0.15386 0.1515 0.14917 0.14686 0.14457 0.14231 0.14007 0.13786
1.1 0.13566 0.1335 0.13136 0.12924 0.12714 0.12507 0.12302 0.121 0.119 0.11702
1.2 0.11507 0.11314 0.11123 0.10935 0.10749 0.10565 0.10383 0.10204 0.10027 0.09852
1.3 0.0968 0.0951 0.09342 0.09176 0.09012 0.08851 0.08691 0.08534 0.08379 0.08226
1.4 0.08076 0.07927 0.0778 0.07636 0.07493 0.07353 0.07214 0.07078 0.06944 0.06811
1.5 0.06681 0.06552 0.06425 0.06301 0.06178 0.06057 0.05938 0.05821 0.05705 0.05592
1.6 0.0548 0.0537 0.05262 0.05155 0.0505 0.04947 0.04846 0.04746 0.04648 0.04551
1.7 0.04456 0.04363 0.04272 0.04181 0.04093 0.04006 0.0392 0.03836 0.03754 0.03673
1.8 0.03593 0.03515 0.03438 0.03362 0.03288 0.03216 0.03144 0.03074 0.03005 0.02938
1.9 0.02872 0.02807 0.02743 0.0268 0.02619 0.02559 0.025 0.02442 0.02385 0.0233
2.0 0.02275 0.02222 0.02169 0.02118 0.02067 0.02018 0.0197 0.01923 0.01876 0.01831
2.1 0.01786 0.01743 0.017 0.01659 0.01618 0.01578 0.01539 0.015 0.01463 0.01426
2.2 0.0139 0.01355 0.01321 0.01287 0.01255 0.01222 0.01191 0.0116 0.0113 0.01101
2.3 0.01072 0.01044 0.01017 0.0099 0.00964 0.00939 0.00914 0.00889 0.00866 0.00842
2.4 0.0082 0.00798 0.00776 0.00755 0.00734 0.00714 0.00695 0.00676 0.00657 0.00639
2.5 0.00621 0.00604 0.00587 0.0057 0.00554 0.00539 0.00523 0.00508 0.00494 0.0048
2.6 0.00466 0.00453 0.0044 0.00427 0.00415 0.00402 0.00391 0.00379 0.00368 0.00357
2.7 0.00347 0.00336 0.00326 0.00317 0.00307 0.00298 0.00289 0.0028 0.00272 0.00264
2.8 0.00256 0.00248 0.0024 0.00233 0.00226 0.00219 0.00212 0.00205 0.00199 0.00193
2.9 0.00187 0.00181 0.00175 0.00169 0.00164 0.00159 0.00154 0.00149 0.00144 0.00139
3.0 0.00135 0.00131 0.00126 0.00122 0.00118 0.00114 0.00111 0.00107 0.00103 0.001
3.1 0.00097 0.00094 0.0009 0.00087 0.00084 0.00082 0.00079 0.00076 0.00074 0.00071
3.2 0.00069 0.00066 0.00064 0.00062 0.0006 0.00058 0.00056 0.00054 0.00052 0.0005
3.3 0.00048 0.00047 0.00045 0.00043 0.00042 0.0004 0.00039 0.00038 0.00036 0.00035
3.4 0.00034 0.00032 0.00031 0.0003 0.00029 0.00028 0.00027 0.00026 0.00025 0.00024
3.5 0.00023 0.00022 0.00022 0.00021 0.0002 0.00019 0.00019 0.00018 0.00017 0.00017
3.6 0.00016 0.00015 0.00015 0.00014 0.00014 0.00013 0.00013 0.00012 0.00012 0.00011
3.7 0.00011 0.0001 0.0001 0.0001 0.00009 0.00009 0.00008 0.00008 0.00008 0.00008
3.8 0.00007 0.00007 0.00007 0.00006 0.00006 0.00006 0.00006 0.00005 0.00005 0.00005
3.9 0.00005 0.00005 0.00004 0.00004 0.00004 0.00004 0.00004 0.00004 0.00003 0.00003
4.0 0.00003 0.00003 0.00003 0.00003 0.00003 0.00003 0.00002 0.00002 0.00002 0.00002

Z Distribution Table
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